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Abstract
Existence of periodic solutions for a kind of Rayleigh equation with a deviating argument
x ′′(t)+ f (x ′(t))+ g(x(t − τ(t))) = p(t)
is studied, and some new results are obtained. Our work generalizes and improves the known results in the literature.
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1. Introduction
Consider the Rayleigh equation with a deviating argument
x ′′(t)+ f (x ′(t))+ g(x(t − τ(t))) = p(t), (1.1)
and its auxiliary equation
x ′′(t)+ λ f (x ′(t))+ λg(x(t − τ(t))) = λp(t), λ ∈ (0, 1) (1.2)
where f, g, p and τ are real continuous functions defined on R, τ and p are periodic with period 2pi .
In recent years, the existence of periodic solutions for a kind of Rayleigh equations was studied by some researchers
(see [1–9]). In [1,2], continuation theorems are introduced and applied to the existence of solutions of differential
equations. In particular, a specific example is given in [1, p. 99] (see also [2, p. 175]) on how periodic solutions can be
obtained by means of these theorems. According to these theory, in the course of derivations, it is realized that once
appropriate a priori bounds for the 2pi -periodic solutions of the auxiliary equation (1.2) are known for each λ ∈ (0, 1),
then standard procedures will allow these theorems to imply existence of periodic solutions to Eq. (1.1). Applying
these approaches, Wang [3] established a priori bounds for 2pi -periodic solutions of Eq. (1.2) in the case of f (0) = 0
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and
∫ 2pi
0 p(t)dt = 0, these bounds implied that Eq. (1.1) had a periodic solution. Lu [4,5] also studied the existence
of 2pi -periodic solutions of Eq. (1.1) and generalized the results in [3]. In [6], the researchers continued to discuss the
above equation and got some new results on the existence of T -periodic solutions under the assumption of f (0) = 0.
In this paper, we will also discuss the existence of 2pi -periodic solutions to Eq. (1.1) without the restriction of
f (0) = 0 and ∫ 2pi0 p(t)dt = 0. Using the theory in [1,2] and some improved prior estimate, we obtain some new
results which generalize and improve the known results in [3–6].
For the sake of convenience, we denote by C2pi the space of continuous 2pi -periodic functions, endowed with the
norm ‖x‖0 = maxt∈[0,2pi ] |x(t)|.
2. Main results
Lemma 2.1. Let x(t) be continuous differentiable T -periodic function (T > 0). Then for any t∗ ∈ (−∞,∞)
max
t∈[t∗,t∗+T ]
|x(t)| ≤ |x(t∗)| + 12
∫ T
0
|x ′(s)|ds. (2.1)
Proof. Choose t∗ ∈ [t∗, t∗ + T ] such that |x(t∗)| = maxt∈[t∗,t∗+T ] |x(t)|. Then
|x(t∗)| =
∣∣∣∣∣x(t∗)+
∫ t∗
t∗
x ′(s)ds
∣∣∣∣∣ ≤ |x(t∗)| +
∫ t∗
t∗
|x ′(s)|ds,
and
|x(t∗)| = |x(t∗ − T )| =
∣∣∣∣x(t∗)− ∫ t∗
t∗−T
x ′(s)ds
∣∣∣∣ ≤ |x(t∗)| + ∫ t∗
t∗−T
|x ′(s)|ds.
Combining the above two inequalities, we have
|x(t∗)| ≤ |x(t∗)| + 12
∫ t∗
t∗−T
|x ′(s)|ds = |x(t∗)| + 12
∫ T
0
|x ′(s)|ds.
The proof is complete. 
Lemma 2.2 (Wirtinger Inequality [10]). Let x(t) be twice continuous differentiable 2pi -periodic function. Then∫ 2pi
0
|x ′(s)|2ds ≤
∫ 2pi
0
|x ′′(s)|2ds. (2.2)
Theorem 2.1. Assume that there exist constants r1, r2 ≥ 0, d > 0, K > 0 and M > 0 such that
(H1) | f (x)| ≤ r1|x | + K, for x ∈ R;
(H2) xg(x) > 0 and |g(x)| > L for |x | > d;
(H3) g(x) ≥ r2x − M for x ≤ −d,
where L = maxt∈[0,2pi ] |p(t)− f (0)|. If
2pi(r1 + pir2) < 1, (2.3)
then Eq. (1.1) has at least a 2pi -periodic solution.
Proof. From the results (degree theory) in [1,2] (see also [3]), it is sufficient to show that there are positive constants
M0 and M1, independent of λ, such that if x(t) is a 2pi -periodic solution of Eq. (1.2), then ‖x‖0 < M0 and ‖x ′‖0 < M1.
Now, let x = x(t) be any 2pi -periodic solution of Eq. (1.2). Then there exist t1, t2 ∈ [0, 2pi ] such that
x(t1) = min[0,2pi ] x(t), x(t2) = max[0,2pi ] x(t).
It follows that
x ′(t1) = x ′(t2) = 0, x ′′(t1) ≥ 0, x ′′(t2) ≤ 0. (2.4)
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By (1.2) and (2.4), we have
g(x(t1 − τ(t1))) ≤ p(t1)− f (0), and g(x(t2 − τ(t2))) ≥ p(t2)− f (0),
which yields
g(x(t1 − τ(t1))) ≤ L , and g(x(t2 − τ(t2))) ≥ −L . (2.5)
If g(x(t1 − τ(t1))) ≥ −L , then |g(x(t1 − τ(t1)))| ≤ L , it follows from (H2) that
|x(t1 − τ(t1))| ≤ d. (2.6)
If g(x(t1 − τ(t1))) < −L , then by the second inequality in (2.5) and the continuity of the function g(x(t − τ(t))),
there exists t3 ∈ [0, 2pi ] such that g(x(t3 − τ(t3))) = −L , and so |g(x(t3 − τ(t3)))| = L , it follows from (H2) that
|x(t3 − τ(t3))| ≤ d. (2.7)
According to the above discussion, it can be seen that there exists a t∗ ∈ [0, 2pi ] such that
|x(t∗)| ≤ d. (2.8)
By Lemma 2.1, we have
‖x‖0 ≤ |x(t∗)| + 12
∫ 2pi
0
|x ′(s)|ds (2.9)
≤ d + pi‖x ′‖0. (2.10)
Let E1 = {t : t ∈ [0, 2pi ], x(t − τ(t)) > d}, E2 = {t : t ∈ [0, 2pi ], x(t − τ(t)) < −d}, E3 = {t : t ∈
[0, 2pi ], |x(t − τ(t))| ≤ d}. Integrating both sides of (1.2) on [0, 2pi ], we obtain∫
E1
|g(x(s − τ(s)))|ds ≤
∫ 2pi
0
| f (x ′(s))|ds +
(∫
E2
+
∫
E3
)
|g(x(s − τ(s)))|ds + 2pi‖p‖0.
Thus,
‖x ′‖0 ≤ 12
∫ 2pi
0
|x ′′(s)|ds
≤ 1
2
[∫ 2pi
0
| f (x ′(s))|ds +
∫ 2pi
0
|g(x(s − τ(s)))|ds +
∫ 2pi
0
|p(s)|ds
]
≤ 1
2
[∫ 2pi
0
| f (x ′(s))|ds +
(∫
E1
+
∫
E2
+
∫
E3
)
|g(x(s − τ(s)))|ds + 2pi‖p‖0
]
≤
∫ 2pi
0
| f (x ′(s))|ds +
(∫
E2
+
∫
E3
)
|g(x(s − τ(s)))|ds + 2pi‖p‖0
≤ 2pi(r1‖x ′‖0 + r2‖x‖0)+ 2pi(K + M + gd + ‖p‖0)
≤ 2pi(r1 + pir2)‖x ′‖0 + 2pi(K + M + gd + r2d + ‖p‖0),
where gd = max|x |≤d |g(x)|. Therefore,
‖x ′‖0 ≤ 2pi(K + M + gd + r2d + ‖p‖0)1− 2pi(r1 + r2pi) , M1.
It follows from (2.10) that
‖x‖0 ≤ d + M1pi , M0.
This completes the proof. 
Similarly, we can get the following Theorem 2.2.
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Theorem 2.2. Assume that there exist constants r1, r2 ≥ 0, d > 0, K > 0 and M > 0 such that
(H1) | f (x)| ≤ r1|x | + K, for x ∈ R;
(H2) xg(x) > 0 and |g(x)| > L for |x | > d;
(H4) g(x) ≤ r2x + M for x ≥ d,
where L is defined as in Theorem 2.1. If (2.3) holds, then Eq. (1.1) has at least a 2pi -periodic solution.
Remark 2.1. Note that the condition 2pi(r1 + pir2) < 1 is more weaker than 4pi(r1 + (2pi + 1)r2) < 1 and
8pi(r1 + pir1r2) < 1. Therefore, even if under the assumption of f (0) = 0 and
∫ 2pi
0 p(s)ds = 0, Theorems 2.1
and 2.2 still improve Theorem 1 and 2 in [4], and Theorem 1 and 2 in [5] as well.
Theorem 2.3. Assume that there exist constants r ≥ 0, d > 0 and K > 0 such that
(H5) |g(x)| > L for |x | > d;
(H6) |g(x)| ≤ r |x | + K, for x ∈ R,
where L is defined as in Theorem 2.1. If pir < 1, then Eq. (1.1) has at least a 2pi -periodic solution.
Proof. According to the proof of Theorem 2.1, there exists a t∗ ∈ [0, 2pi ] such that |x(t∗)| ≤ d, and (2.9) and (2.10)
hold. Applying Schwarz inequality and Lemma 2.2, we have∫ 2pi
0
|x ′′(s)|2ds = λ
[
−
∫ 2pi
0
f (x ′(s))x ′′(s)ds −
∫ 2pi
0
g(x(s − τ(s)))x ′′(s)ds +
∫ 2pi
0
p(s)x ′′(s)ds
]
≤
∫ 2pi
0
|g(x(s − τ(s)))||x ′′(s)|ds + ‖p‖0
∫ 2pi
0
|x ′′(s)|ds
≤ (r‖x‖0 + ‖p‖0 + K )
∫ 2pi
0
|x ′′(s)|ds
≤
(
r
2
∫ 2pi
0
|x ′(s)|ds + rd + ‖p‖0 + K
)∫ 2pi
0
|x ′′(s)|ds
≤ √2pi
√2pir
2
√∫ 2pi
0
|x ′(s)|2ds + rd + ‖p‖0 + K
√∫ 2pi
0
|x ′′(s)|2ds
≤ √2pi
√2pir
2
√∫ 2pi
0
|x ′′(s)|2ds + rd + ‖p‖0 + K
√∫ 2pi
0
|x ′′(s)|2ds
≤ pir
∫ 2pi
0
|x ′′(s)|2ds +√2pi(rd + ‖p‖0 + K )
√∫ 2pi
0
|x ′′(s)|2ds.
And so, we have∫ 2pi
0
|x ′′(s)|2ds ≤
[√
2pi(rd + ‖p‖0 + K )
1− rpi
]2
.
By Lemma 2.1, we get
‖x ′‖0 ≤ 12
∫ 2pi
0
|x ′′(s)|ds ≤ 1
2
√
2pi
√∫ 2pi
0
|x ′′(s)|2ds = pi(rd + ‖p‖0 + K )
1− rpi , M1.
It follows that
‖x‖0 ≤ d + M1pi.
This completes the proof. 
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Remark 2.2. Even if in the case of f (0) = 0, the condition (H6) improves (B2) of Theorem 3 in [5], especially,
pir < 1 of Theorem 2.3 is more weaker than 4pi2r3 < 1 of Theorem 3 in [5].
Theorem 2.4. Assume that there exist constants n ≥ 1, σ > 0, r ≥ 0, d > 0 and K > 0 such that (H5) holds and
that
(H7) x f (x) ≥ σ |x |n+1, for x ∈ R or x f (x) ≤ −σ |x |n+1, for x ∈ R;
(H8) |g(x)| ≤ r |x |n + K, for x ∈ R.
If pinr < σ , then Eq. (1.1) has at least a 2pi -periodic solution.
Proof. According to the proof of Theorem 2.1, there exists a t∗ ∈ [0, 2pi ] such that |x(t∗)| ≤ d, and (2.9) and (2.10)
hold. By Holder inequality and (H7) and (H8), we have
σ
∫ 2pi
0
|x ′(s)|n+1ds ≤
∣∣∣∣∣
∫ 2pi
0
f (x ′(s))x ′(s)ds
∣∣∣∣∣
≤
∫ 2pi
0
|g(x(s − τ(s)))||x ′(s)|ds +
∫ 2pi
0
|p(s)||x ′(s)|ds
≤ (r‖x‖n0 + ‖p‖0 + K )
∫ 2pi
0
|x ′(s)|ds
≤
[
r
(
d + 1
2
∫ 2pi
0
|x ′(s)|ds
)n
+ ‖p‖0 + K
]∫ 2pi
0
|x ′(s)|ds
= r
d (∫ 2pi
0
|x ′(s)|ds
)1/n
+ 1
2
(∫ 2pi
0
|x ′(s)|ds
)(n+1)/nn
+ (‖p‖0 + K )
∫ 2pi
0
|x ′(s)|ds
≤ r
d(2pi)1/(n+1) (∫ 2pi
0
|x ′(s)|n+1ds
)1/n(n+1)
+ pi
(∫ 2pi
0
|x ′(s)|n+1ds
)1/nn
+ (‖p‖0 + K )(2pi)n/(n+1)
(∫ 2pi
0
|x ′(s)|n+1ds
)1/(n+1)
.
This implies that there exists a positive D such that∫ 2pi
0
|x ′(s)|n+1ds ≤ D.
And so, we have∫ 2pi
0
|x ′(s)|ds ≤ (2pi) nn+1 D 1n+1 .
From (2.10), we get
‖x‖0 ≤ d + 12 (2pi)
n
n+1 D
1
n+1 , M0.
By Lemma 2.1, we obtain
‖x ′‖0 ≤ 12
∫ 2pi
0
|x ′′(s)|ds
≤ 1
2
[∫ 2pi
0
| f (x ′(s))|ds +
∫ 2pi
0
|g(x(s − τ(s)))|ds +
∫ 2pi
0
|p(s)|ds
]
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≤
∫ 2pi
0
|g(x(s − τ(s)))|ds +
∫ 2pi
0
|p(s)|ds
≤ 2pi(r‖x‖n0 + ‖p‖0 + K )
≤ 2pi(rMn0 + ‖p‖0 + K ) , M1.
This completes the proof. 
By a similar proof of Theorem 2.4, we can get the following Theorem 2.5.
Theorem 2.5. In Theorem 2.4, if (H7) is replaced by
(H9) f (x) ≥ σ |x |n , for x ∈ R or f (x) ≤ −σ |x |n , for x ∈ R,
then the conclusion still holds.
Remark 2.3. If p(t) and τ(t) are T -periodic, then the existence of T -periodic solutions for Eq. (1.1) can be
investigated by transformation s = 2piT t , which implies τˆ (s) , τ(t) and pˆ(s) , p(t) are 2pi -periodic functions,
and some corresponding results can also be obtained directly applying the above theorems. As an example, we give a
corollary related to Theorem 2.4.
Corollary 2.1. Assume that p(t) and τ(t) are T -periodic and that there exist constants n ≥ 1, σ > 0, r ≥ 0, d > 0
and K > 0 such that (H5), (H7) and (H8) hold for L = maxs∈[0,T ] |p(s)− f (0)|. If
( T
2
)n
r < σ , then Eq. (1.1) has
at least a T -periodic solution.
Remark 2.4. Note that the condition
( T
2
)n
r < σ is weaker than T nr < σ . Therefore, even if in the case of f (0) = 0,
Corollary 2.1 still improves Theorem 3.2 in [6].
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